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Abstract. Cosmic strings formed during inflation are expected to be either diluted over
super-Hubble distances, i.e., invisible today, or to have crossed our past light cone very
recently. We discuss the latter situation in which a few strings imprint their signature in
the Cosmic Microwave Background (CMB) Anisotropies after recombination. Being almost
frozen in the Hubble flow, these strings are quasi static and evade almost all of the previously
derived constraints on their tension while being able to source large scale anisotropies in the
CMB sky. Using a local variance estimator on thousand of numerically simulated Nambu-
Goto all sky maps, we compute the expected signal and show that it can mimic a dipole
modulation at large angular scales while being negligible at small angles. Interestingly, such
a scenario generically produces one cold spot from the thawing of a cosmic string loop. Mixed
with anisotropies of inflationary origin, we find that a few strings of tension GU = O(1)×10−6
match the amplitude of the dipole modulation reported in the Planck satellite measurements
and could be at the origin of other large scale anomalies.
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1 Introduction
Although cosmic strings are a natural outcome of the symmetry breaking mechanism in the
early Universe [1, 2], or may be more fundamental objects from String Theory [3, 4], they
have escaped all dedicated searches in astronomical and cosmological observables to date (see
Refs. [5–11] for reviews). Being active and non-Gaussian sources of CMB anisotropies [12–
15], current measurements by the Planck satellite allow strings to contribute no more than
a few percent to the overall power spectrum and bispectrum. This translates into an 95%
confidence upper bound on the allowed string tension: GU ≤ 3.2 × 10−7 for Abelian Higgs
string and GU < 1.5 × 10−7 for Nambu-Goto strings [16–20]. It is important to notice that
these results rely on the assumption that a cosmic string network evolves according to the
so-called scaling regime. Indeed, in an expanding Universe, it has been shown that after a
few e-folds of decelerated expansion the distribution of cosmic strings reaches an attractor
in which the network’s statistical properties become an universal function of the Hubble
radius only [21–24]. Typically, the scaling regime for Nambu-Goto strings corresponds, at
any times, to ten long strings crossing the observable Universe complemented with a power
law distribution of smaller loops [25–29]. Assuming “scaling” is usually well motivated for
observational purposes. If strings are formed around the Grand Unified Theory (GUT)
energy scales, there is indeed plenty of time for any initial configuration to relax towards the
attractor.
Within our current understanding of the early Universe, there are various explanations
for strings to remain elusive in the cosmological measurements. The simplest is that their
tension is relatively small compared to GUT scale, typically lower than (1015GeV)2, and
they remain undetectable for the moment. Another explanation is that, as for monopoles,
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cosmic strings may have been diluted away by cosmic inflation, provided they have been
formed before inflation. Or, they may have never been formed at all. Both explanations
would however require some fine tuning within the symmetry breaking schemes at work in
the cooling of the fundamental interactions [30, 31].
Here we discuss another proposal which is that cosmic strings may have been formed
during inflation [32–42]. As discussed in Ref. [43], the network statistical properties are
no longer universal as they depend on when and how the strings have been formed during
inflation. If they have been formed more than, say, 60 e-folds before the end of inflation
(the precise number is inflation- and reheating-dependent), strings would be diluted enough
not to be observable at all. If, on the contrary, they have been formed closer to the end of
inflation, the typical correlation length of the string network would remain super-Hubble for
most of the radiation and matter eras of the Universe, but will eventually enter the Hubble
radius at some point. Following Ref. [43], we refer to this scenario as delayed scaling. As
shown in this reference, delayed scaling strings induce less CMB anisotropies than a scaling
network because less strings intercept our past light cone. In particular, the reduction in
power preferentially occurs on the smallest length scales (large multipoles). As a result,
these scenarios naturally imprint the CMB anisotropies on large scales only and one may
wonder whether they could be a viable explanation of the large scales anomalies reported in
the Wilkinson Microwave Anisotropies Probe and Planck measurements [44–48].
In the following, we focus on a delayed scaling scenario in which the strings cross our
past light cone after recombination. In order to derive their observable imprints, we use
numerical simulations of Nambu-Goto strings in which we propagate photons to ray-trace
the CMB sky using a method similar to the one of Ref. [49] and described in section 2.
In particular, we find that starting with a Vachaspati-Vilenkin string network [50] having
a super-Hubble correlation length at last scattering, ξ ≃ 32ηlss (in comoving coordinates, η
being the conformal time) our past light cone would contain from zero to two strings which
remain almost static till today. The resulting CMB angular power spectrum ends up being at
least two orders of magnitude lower than the one produced by a scaling network such that the
scenario ends up being constrained only by direct searches of rare Gott-Kaiser-Stebbins [51,
52] (GKS) temperature discontinuities [53–57]. As discussed below, this typically allows
string tension up to GU = O(1) × 10−6 to be compatible with current constraints. In
section 3, we quantify to which extent these strings can generate a power asymmetry in
the CMB sky by using a local variance estimator introduced in Ref. [58]. From a thousand
random realizations of the string network with ξ ≃ 32ηlss, we find that the induced CMB
patterns can, among other effects, generically generate a large scale dipole modulation in the
local variance. We also show that the amplitude of the modulation is very peculiar to this
scenario and we discuss how it is modified by changing the initial value of ξ in section 4. In
particular, for an initial correlation length ξ ≃ 16ηlss, our light cone can contain a thawing
cosmic string loop which genuinely generates a cold spot in the CMB sky. Finally, it is found
that string tensions around GU = O(1) × 10−6 are found to mimic the currently observed
dipole modulation in the Planck data [44, 58].
2 All sky CMB maps
2.1 Method
In order to derive the CMB temperature anisotropies generated by cosmic strings formed
during inflation, we have performed numerical simulations of Nambu-Goto strings evolution
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in Friedmann-Lemaˆıtre-Robertson-Walker (FLRW) spacetimes. The code used is based on an
improved version of the Bennett and Bouchet Nambu-Goto cosmic string code [24]. For our
purpose, the initial conditions have been set using the Vachaspati-Vilenkin algorithm [50]
which attributes a random phase (correlated over a distance ξ) to an hypothetical U(1)
Higgs field on a three-dimensional cubic lattice. Depending on the phase topology around
each corners of the cubic grid, the algorithm determines if a string actually passes, or not,
through each of the cubic faces. Because the strings are assumed to be formed during
inflation, we have set vanishing initial velocity to each of the strings and loops thus generated.
The fundamental difference compared to the more ordinary situation in which one evolves a
string network in scaling is that we now set the initial correlation length of Higgs phases to be
much larger than the Hubble radius. In order to simulate the actual physical configuration,
it would be necessary to set the correlation length during inflation and solve the Nambu-
Goto dynamics for about 60 e-folds of inflation and as much e-folds of decelerated expansion
during the subsequent reheating, radiation and matter eras. Of course, this is not doable
numerically but it is not a limitation as the Nambu-Goto dynamics becomes trivial in the
super-Hubble limit ξ/η → ∞ (η being the conformal time). Indeed, strings remain frozen
due to Hubble damping [59] and the overall configuration of the network is straightforwardly
redshifted [43]. Therefore, we have chosen to start the simulation in the matter era at
a redshift close to the last scattering surface z = zlss = 1089. Our initial configuration is
described by ξ/η|lss, which is an observable model parameter for the delayed scaling scenario,
and gives the correlation length of the network at the time of last scattering. From the above
discussion, such an approach is valid only if ξ > ηlss to prevent any significant difference in
the network evolution before the last scattering surface with respect to simple redshifting.
The resulting CMB anisotropies are completely sourced by the strings after recombination
and can be computed from the integrated Sachs-Wolfe effect associated with the Nambu-Goto
stress tensor of the whole network. In the transverse temporal gauge, up to a dipole term,
the relative photon temperature shifts in the direction nˆ are given by [60–62].
∆T
T
(nˆ) = −4GU
∫
X ∩xγ
u · Xnˆ −X
(Xnˆ−X)2 ǫ dσ, (2.1)
where the integral is over all string position vectors X = {Xi} crossing our past line cone.
Here dl = ǫdσ is the invariant string length element and u the sourcing vector of the Gott-
Kaiser-Stebbins effect (in the temporal gauge):
ǫ ≡
√√√√ X´2
1− X˙2
, u = X˙ − (nˆ · X´) · X´
1 + nˆ · X˙ . (2.2)
Both X˙ = ∂X/∂η and X´ = ∂X/∂σ are extracted from the numerical simulations while the
set of string position vectors X intercepting our past light cone is determined by propagating
photons within the simulation box (see Ref. [49] for more details).
2.2 Nambu-Goto numerical simulations
In practice, our runs are performed in a unit comoving box in which we are free to set two
dimensionless numerical parameters (normalized by the comoving size of the numerical box):
the initial conformal time (or conformal horizon), dhini and the initial correlation length ℓc.
In order to implement the delayed scaling string scenario described before, one must have:
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Figure 1. Sketch of the numerical simulation comoving box. An inbound spherical light-like wave is
propagated towards the centre during the run to determine the string position vectors X intercepting
our past light cone.
ℓc/dhini = ξ/ηlss > 1. Therefore, compared to the method described in Ref. [49], which was
dedicated to a scaling network having initially ℓc/dhini |scal < 1, our simulation box contains
only a very few number of strings. This renders possible to actually simulate at once the whole
observable universe from the last scattering surface to today. At the same time we evolve the
string network according the the Nambu-Goto equations in FLRW background, an inbound
spherical wave of photons is propagated through the simulation. By recording all string
segments intercepting this wave, one can reconstruct the past light cone of a virtual observer
located in the centre of the sphere (see figure 1). Performing the integral of Eq. (2.1) over
all directions nˆ gives the string induced CMB sky the observer would see. However, this also
limits the time during which the simulation can be run: an inbound light-like wave initially
inscribed in the unit comoving box collapses onto the observer at the numerical conformal
time dh0 = dhini + 0.5. Since we want to compute the network evolution over a redshift
range going up to the last scattering surface, zlss = 1089, this imposes dh0/dhini ≃
√
1 + zlss.
Solving for dhini one gets
dhini ≃
1
2
(√
1 + zlss − 1
) ≃ 1.56 × 10−2 , (2.3)
a value that determines the real comoving size of the numerical box1 (see Refs. [49, 54])
Lsim ≃ 2
dhiniH0
1−√Ωrad/Ωmat√1 + zlss√
Ωmat
√
1 + zlss
Gpc ≃ 20.6Gpc . (2.4)
H0 stands for the Hubble parameter today and Ωrad and Ωmat are the density parameters
today of radiation and matter.
1This is an analytic approximation assuming no cosmological constant and Ωrad ≪ Ωmat. The actual value
used to determine the angular size of string generated CMB patterns is computed exactly within the ΛCDM
model.
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The only remaining free parameter is ℓc. Because the initial conditions are set according
to the Vachaspati-Vilenkin algorithm, namely over a comoving grid of the simulation box,
ℓc = 1/Nc, where Nc > 1 is an integer. Our simulations can therefore be used to evolve an
initial configuration having
ξ
η
∣∣∣∣
lss
=
1
Ncdhini
≃ 64
Nc
, (2.5)
the maximal value being obtained for Nc = 2, i.e., ξ/η|lss ≃ 32. One may compare this
number to the ones used in Ref. [43] in which a network of super-Hubble strings was considered
at an initial redshift of zrad = 2.3× 107. With a mixture of matter and radiation, one gets
ξ
η
∣∣∣∣
rad
≃
√
1 +
1 + zeq
1 + zlss
− 1√
1 +
1 + zeq
1 + zrad
− 1
ξ
η
∣∣∣∣
lss
≃ 5× 105. (2.6)
Our study is therefore probing a regime for which strings are formed relatively earlier during
inflation than the cases discussed in Ref. [43]. As such they spend most of their evolu-
tion in a frozen super-Hubble configuration during which the network length scale gradually
approaches the Hubble scale. At the time these two scales are matching, strings start to
decouple from the Hubble flow and move under their tension. We will be referring to this
regime as “thawing” because only after the correlation length falls well below the Hubble
radius, the system will enter the delayed scaling regime studied in Ref. [43], and ultimately
the usual scaling regime. In our treatment, only the thawing strings can be seen in the sky
and contribute to the CMB anisotropies. CMB signatures on small scales disappear almost
completely for such large values of the correlation length but one may still expect some CMB
distortions to be present on the largest length scales. This is quantified in the following
sections.
2.3 Temperature maps
The CMB temperature anisotropies generated by the strings are obtained by the method
described in section 2.1. In order to match the Planck angular resolution, the sky has been
pixelized over more than 50 000 000 directions (Nside = 2048) using the HEALPix library [63].
Moreover, in order to discuss the statistical properties and cosmic variance effects, we have
generated 1024 realizations of these maps by running numerical simulations of Nambu-Goto
strings starting from independent random realizations of the initial conditions, and random
positions of the observer within the simulation volume. This is particularly relevant as the
statistics of the CMB anisotropies sourced by cosmic strings is genuinely non-Gaussian [11].
As discussed below, a few strings affecting the largest CMB angular scales can significantly
boost cosmic variance effects thereby changing the probability of rare events compared to
what one may expect from purely Gaussian anisotropies.
In figure 2, we have represented six different realizations of the CMB temperature
anisotropies, all having an initial value of Nc = 2, i.e., ξ/η|lss ≃ 32. As can be seen on the
upper right panel, in some realizations, no string actually crosses our past light cone whereas
in other situations one or two strings are visible, either completely (as in the top left panel)
or some part of it (middle left).
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Figure 2. Six realizations of the CMB sky temperature generated by thawing scaling strings having
an initial correlation length ξ = 32ηlss at the last scattering surface (Nc = 2). In the second and fourth
map (from top left to bottom right), the signal vanishes because no string crossed our past light cone.
In the other panels, the temperature patterns are generated by a few loops (see first map) entering
the Hubble radius and starting to evolve according to the Nambu-Goto dynamics. Sometimes, part of
it intercept the last scattering surface which is why some temperature patterns seem to be attached
on it. We have generated a thousand of such maps to compute their statistical properties.
2.4 Angular power spectrum and constraints
As above-mentioned, for Nc = 2, the strings have barely the time to start evolving after
entering the Hubble radius and are quasi-static. Therefore, the induced CMB temperature
anisotropies are orders of magnitude smaller than the ones generated by a scaling network [17].
In fact, for quasi-static strings, the induced temperature anisotropies are essentially sourced
by the curvature term of u in equation (2.2). In figure 3, we have represented the mean
angular power spectrum, and its standard deviation, obtained over the 1024 generated CMB
maps. This figure also shows the angular power spectrum obtained from Nambu-Goto strings
in scaling, as obtained from the Unequal Time Correlator (UETC) method in Ref. [19]. We
have also represented the Integrated Sachs-Wolfe (ISW) contribution of scaling strings as
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Figure 3. Mean and standard deviation of the CMB temperature angular power spectrum for the
delayed scaling string network in the thawing regime with Nc = 2 and Nc = 4 (convolved with a
Gaussian beam of 10′). For comparison, we have represented the total angular power spectrum for a
Nambu-Goto network in scaling obtained using the UETC method (extracted from Ref. [19]) as well
as the ISW contribution obtained from ray tracing [49]. Thawing strings with Nc = 2 have an angular
power spectrum at least two orders of magnitude smaller than scaling strings.
obtained from the ray-tracing method of Ref. [49]. The ratio between the spectra of thawing
strings and scaling strings at ℓ = 10 is of the order Cthaw10 /C
scal
10 ≃ 4× 10−3 while around the
maximum power for scaling strings, at ℓ = 400, Cthaw400 /C
scal
400 ≃ 2.5 × 10−5. The two-sigma
upper bound on the scaling string tension obtained with the Planck data is of the order
GU ≃ 1.5 × 10−7 [17, 19], mostly coming from the angular scales around ℓ = 400 where
cosmic variance effects are minimal. From Cℓ ∝ (GU)2, one deduces that delayed scaling
strings in the thawing regime with GU = O(1)× 10−6 remain invisible in the angular power
spectrum. One may compare the resultant power spectra to those obtained in Ref. [43], in
which the evolution of the delayed scaling string network was assumed to follow the velocity-
dependent one-scale model. The amplitude of the power spectrum turns out to be several tens
of times larger than the one obtained here in our simulations. This discrepancy is mainly due
to the different regimes probed. The analytic model cannot be extrapolated to the thawing
regime because strings have not yet interacted enough to correlate their velocity and lengths
scales. Moreover, when strings are almost static, the GKS temperature anisotropy [51, 52]
becomes dominated by curvature and point-like sources such as kinks, cusps, and string
end-points on the last scattering surface. These contributions are responsible for a slope at
large multipoles slightly steeper than the one predicted by the usual line discontinuities (see
figure 3).
However, as can be seen in figure 2, for GU = O(1)×10−6, the CMB sky would contain
one or two string-induced temperature discontinuities having an amplitude of tens of µK that
could be detectable with direct searches [57, 64]. More precisely, Ref. [57] reports that string
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Figure 4. Local variance maps of 〈[∆T/(TGU)]2〉 over 1.7◦ circles associated with the four non-
vanishing temperature maps of figure 2. The maximal value of the standard deviation σ is reached
along one or two directions only and equals 4.8, 5.5, 3.4 and 4.2 for the four maps, respectively.
induced discontinuities of amplitude ∆ = 117µK over patches of 1.7◦ would be detectable
in the Planck data at 95% of confidence. Notice that this result is not directly applicable
to our situation as the searches performed in Refs. [57, 64] are made for scaling-like strings,
namely it is assumed that there are a few strings moving at relativistic velocities in every
1.7◦ patches in the sky. Here, the strings are almost static and there are only one or two
temperature steps over the whole sky.
In order to estimate what is the amplitude of the temperature steps produced over a
given angular scale in the thawing regime, we have represented in figure 4 four local variance
maps computed over patches of angular opening 1.7◦. Each of them is associated with the
four non-vanishing CMB temperature maps of figure 2, i.e., corresponds to a network having
Nc = 2. Practically, we have discretized the sky using the HEALPix pixelization scheme with
Nside = 16, which corresponds to 3072 directions. In each of these directions, the variance
σ2 = 〈[∆T/(TGU)]2〉 is computed over a circle having an angular opening of 1.7◦. If no
temperature step is present in that circle, σ2 remains very small whereas if a string crosses
the patch, σ2 is proportional to ∆2. The maximal variance being obtained for a string cutting
the circle in two equal parts [57], one has
∆ = max (2σTGU) . (2.7)
Averaged over 1024 of such local variance maps, we find 〈∆〉 ≃ 7.5TGU and blindly using the
maximal amplitude ∆ = 117µK gives GU ≃ 6×10−6. As mentioned above, this value of ∆ is
certainly underestimated for the thawing strings. Indeed, instead of having one temperature
step of this amplitude over each 1.7◦ circle, the local variance maps essentially show that the
delayed scaling network in the thawing regime produces only one step of amplitude 8TGU
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Figure 5. Local variance maps obtained from the first CMB maps of figure 2 (top left). From top
left to bottom right, the averaging angles shown are 6◦, 24◦, 48◦ and 64◦, respectively.
over the whole sky. Nevertheless, it is certainly fair to claim that values of GU = O(1)×10−6
may be considered as a minimum threshold above which the string effects could be directly
detectable in the CMB maps.
3 Induced power asymmetry
Although thawing strings let relatively weak CMB imprints at small angular scales, they
genuinely generate a power asymmetry on the largest angles. As can be seen in figure 2, all
maps are associated with smooth gradients over the whole sky. As reported in Refs. [44, 48],
various large scale anomalies measured in the Planck 2013 and 2015 data can be phenomeno-
logically described by a dipole modulation model. Such a model has however been shown
to have some significance on the largest angular scales only [47] and, in the following, we
quantify as much thawing strings could contribute to this effect.
3.1 Dipole in local variance maps
As discussed in Ref. [58], local variance maps of temperature anisotropies over circles of given
angular size can be used to quantify the amplitude of a power asymmetry. In particular, a
pure dipole modulation along a given direction ωˆ [58, 65]
∆T
T
(nˆ) = (1 +Anˆ · ωˆ) ∆T
T
∣∣∣∣
ΛCDM
, (3.1)
would also show up in the local variance map as a dipole of amplitude 2Aσ2
ΛCDM
:
σ2 = σ2
ΛCDM
+ 2Aσ2
ΛCDM
nˆ · ωˆ +O(A2) . (3.2)
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Figure 6. The values of A6 = σ
2
dip/(2σ
2
mon) obtained for 1024 local variance maps of angular opening
6◦ (left) and its distribution (right). The upper panels are for the thawing strings scenario with
Nc = 2 while the lower panels have been derived from pure ΛCDM CMB maps. The horizontal line
corresponds to the mean value over 1024 realizations while the shaded region represents the standard
deviation. The dipole modulation for thawing strings can be two orders of magnitude larger than the
one expected for Gaussian ΛCDM.
As a result, one may test the existence of this anisotropy by fitting both a monopole σ2mon
and a dipole amplitude σ2dip to the local variance maps. For a pure dipole modulation as
in Eq. (3.1), the ratio σ2dip/(2σ
2
mon) ≃ A independently of the circle angular size. For each
of the 1024 CMB maps generated in section 2, we have constructed as many local variance
maps by averaging over circles of different angular size, namely 1.7◦, 6◦, 12◦, 24◦, 36◦, 48◦
and 64◦.
Figure 5 illustrates the procedure by showing the local variance maps associated with
the top left realization of figure 2 and for four angles. The local variance map contains
only a strong signal if a string is present within the averaging angle. Therefore, for small
angles, most of the sky directions contain no strings and the local variance map exhibits a
strong signal only around the strings location. On the contrary, for larger angles, many more
directions in the sky may contain a string within the circle such that the string signal affects
larger patches.
A monopole and a dipole are then fitted to each of these maps. The direction of the
dipole is random as it changes with each realization. However, the ratio Aθ = σ
2
dip/(2σ
2
mon)
tells us how much the strings may generate a signal looking like a dipole modulation at a
given angle θ. In figure 6, we have plotted the distribution of this ratio over 1024 local
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Figure 7. Dependency of the dipole modulation amplitude Aθ = σ
2
dip/(2σ
2
mon) with respect to the
averaging angle θ used to construct the local variance maps. The left panels are for thawing strings
and can be compared to the expected pure Gaussian ΛCDM realizations plotted on the right panels.
Each point at a given θ represents one of the 1024 realizations while the largest black circle is the
mean value. The lower panels show the absolute value of the monopole (σ2mon) and dipole (σ
2
dip)
values (the string dipole values have been slightly shifted to the right for clarity).
θ 1.7◦ 6◦ 12◦ 24◦ 36◦ 48◦ 64◦
〈Aθ〉thaw 0.49 0.45 0.42 0.39 0.35 0.30 0.24
〈σ2dip〉thaw/(TGU)2 0.05 0.26 0.63 1.34 1.80 1.98 1.90
〈σ2mon〉thaw/(TGU)2 0.04 0.25 0.67 1.63 2.53 3.28 3.99
Table 1. Mean values of Aθ, σ
2
mon and σ
2
dip obtained over 1024 realizations of the thawing string
networks with Nc = 2 (see also figure 7).
variance maps averaged over circles of 6◦. Because a dipole modulation may also appear
within the ordinary temperature anisotropies of inflationary origin, figure 6 also shows the
value of σ2dip/(2σ
2
mon) obtained from 1024 random realizations of a purely Gaussian ΛCDM
anisotropies (also convolved with a 10′ Gaussian beam). These Gaussian CMB maps have
been generated using the HEALPix library [63] from an angular power spectrum calculated by
means of the CAMB code [66]. The cosmological parameter values have been set according to
the Planck 2015 favoured values [67], assuming a negligible contribution from tensor modes.
For the Gaussian ΛCDM realizations, one gets 〈A6〉ΛCDM = 8.3 × 10−3 whereas the strings
with Nc = 2 gives 〈A6〉thaw = 0.45. As can be seen in figure 6, the value of 〈A6〉thaw is not
very representative of the actual distribution, this one being actually multivalued. There is a
sharp peak at vanishing value of A6 while there is another local maximum around A6 ≃ 0.7.
As mentioned before, this is because, for Nc = 2, around one quarter of the thawing string
realizations produces no string on our past light cone. Therefore, a more representative value
of the dipole modulation generically generated when strings are actually present is A6 ≃ 0.7;
which is more than two orders of magnitude greater than the Gaussian expected value.
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θ 1.7◦ 6◦ 12◦ 24◦ 36◦ 48◦ 64◦
〈Aθ〉ΛCDM 0.007 0.008 0.012 0.019 0.024 0.025 0.024
10−2〈σ2dip〉ΛCDM (µK2) 1.04 1.48 2.26 3.80 4.93 5.39 5.11
10−4〈σ2mon〉ΛCDM (µK2) 0.75 0.89 0.95 1.00 1.03 1.05 1.06
Table 2. Mean values of Aθ, σ
2
mon and σ
2
dip obtained over 1024 realizations of Gaussian ΛCDM maps
(see also figure 7).
3.2 Averaging angle dependency
Figure 7 shows the dependency of Aθ with respect to the local variance map averaging angle
θ, for both the thawing strings scenario with Nc = 2 (left panel) and the pure ΛCDM model
(right panel). There is a weak dependence of Aθ with respect to θ for both the strings
and ΛCDM, with the notable difference that the distribution of Aθ slightly goes down for
strings whereas it increases for ΛCDM for larger values of θ. For essentially all angles, Aθ
generated by strings is two orders of magnitude greater than the Gaussian one. Moreover,
the distribution of Aθ has a large variance, over 1024 realizations the maximum value may be
larger than unity while the non-vanishing value for the minimummay be as low asO(1)×10−3.
For instance, for θ = 6◦, one gets min{A6|A6 6= 0} = 4× 10−3. Let us notice that the values
obtained here for ΛCDM (right panels) are close to the ones derived from the Planck Full
Focal Plane isotropic simulations (FFP6) of Ref. [58]. This agreement might be surprising
at first, as our simulations are pure Gaussian ΛCDM without any instrumental noise, but,
at these scales of interest, most of the variance is indeed generated by the CMB.
The lower panels of figure 7 display the absolute value of the fitted monopole σ2mon and
dipole σ2dip with respect to θ. As opposed to the ΛCDM case, in which both of these values
increase only by a small factor with θ, the delayed scaling string variance maps exhibit an
increase by almost two orders of magnitude from θ = 1.7◦ to 64◦. Such an effect results
from both the actual string induced temperature patterns together with the construction
of the local variance map. As can be seen in figure 5, the number of sky directions which
are sensitive to the presence of a localized temperature pattern obviously increases with the
opening angle θ. This effect does not change very much the amplitude (and direction) of the
modulation but boosts the averaged value of both the monopole and dipole simultaneously.
On the contrary, because Gaussian ΛCDM fluctuations generate the same variance over all
directions, changing the opening angle θ does not fundamentally modify the mean value of
the monopole and dipole.
Qualitatively, the previous results suggest that if a few thawing strings actually con-
tribute to the CMB sky, in addition to the Gaussian ΛCDM anisotropies, they can produce a
dipole modulation in the local variance map. The lower panels of figure 7 show that a typical
signature is that such a modulation should be detectable only on the large angular scales.
3.3 Mixture of string-induced and Gaussian anisotropies
3.3.1 Mean values
We now consider that a few strings actually contribute to the overall CMB anisotropies,
i.e., δT = δTΛCDM + δTthaw in which both contributions are assumed to be uncorrelated
2.
2Such an assumption may no longer be true in some particular scenarios [68].
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Figure 8. Distribution of the dipole modulation amplitude Aθ obtained for the opening angles
θ = 1.7◦, θ = 6◦, θ = 12◦, θ = 24◦, θ = 36◦ and θ = 48◦ from a mixture of Gaussian ΛCDM
fluctuations and thawing strings with Nc = 2 and GU = 6 × 10−6. The pure Gaussian ΛCDM
distributions have been reported for comparison. For angles θ ≤ 2◦, there are essentially no differences
with respect to pure Gaussian anisotropies whereas significantly larger dipole amplitudes appear for
θ ≥ 6◦.
Denoting by M≡ σ2mon and D ≡ σ2dip one gets
A =
DΛCDM +Dthaw
2(MΛCDM +Mthaw) ≃
(
1− MthawMΛCDM
)
AΛCDM +
Mthaw
MΛCDMAthaw,
≃
[
1− M¯thawM¯ΛCDM
(GU)2
]
AΛCDM +
M¯thaw
M¯ΛCDM
(GU)2Athaw,
(3.3)
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where we have kept only the leading order terms in Mthaw/MΛCDM in the first line and
introduced the dimensionless quantities
M¯thaw ≡ Mthaw
(TGU)2
, M¯ΛCDM ≡ MΛCDM
T 2
. (3.4)
The second line of Eq. (3.3) renders explicit the dependency in GU and shows that the string
contribution may boost the dipole modulation amplitude. For instance, matching a given
dipole modulation amplitude Aobs, one obtains
GU ≃
√
M¯ΛCDM
M¯thaw
√
Aobs −AΛCDM
Athaw −AΛCDM , (3.5)
an expression valid only for Aobs > AΛCDM and Athaw > AΛCDM, which is the situation we
are interested in. Taking a fiducial value Aobs ≃ 0.06 compatible with the one reported by
the Planck collaboration [44, 48], and blindly using mean values from tables 1 and 2, one
gets GU ≃ 7.7 × 10−6 for θ = 64◦, GU ≃ 7.7 × 10−6 for θ = 48◦, GU ≃ 6.6 × 10−6 for
θ = 36◦, GU ≃ 9.5 × 10−6 for θ = 24◦, GU ≃ 1.5 × 10−5 for θ = 12◦, GU ≃ 2.4 × 10−5 for
θ = 6◦ and GU ≃ 5.2 × 10−5 for θ = 1.7◦. These figures confirm that, for a given value of
GU = O(1) × 10−6, the strings may generate a dipole modulation compatible with the one
measured, but solely on the large angular scales. Interestingly, these values are quite natural
for GUT scale cosmic strings and are of the same order of magnitude as the ones quoted in
section 2.4. Therefore, if delayed scaling strings in the thawing regime are the underlying
cause of the dipole modulation, the (very few) associated temperature discontinuities should
be detectable in the CMB sky, provided they are not masked by foregrounds.
3.3.2 Local variance maps
The values of GU quoted before have been estimated by using the mean values of table 1,
which may not be representative of the actual distribution. As can be checked in figure 7, the
mean value of 〈Aθ〉thaw underestimates the actual distribution of non-vanishing realizations.
This effect can be taken into account by directly mixing the string and ΛCDM simulated CMB
maps. In figure 8, we have represented the actual distribution of Aθ obtained over 1024 local
variance maps created from a mixture of random Gaussian ΛCDM anisotropies with random
thawing string configurations having Nc = 2 and GU = 6 × 10−6. These distributions show
that, for such a value of GU , there is no significant deviation with respect to the ΛCDM
Gaussian distribution at small angles, θ ≤ 2◦. On the contrary, already for θ ≥ 6◦, the
distribution of possible dipole modulation amplitudes in the mixed scenario exhibits a long
tail towards large values. For θ = 12◦, amplitude larger than 0.06 remains rare but far more
probable than in the pure Gaussian case whereas for θ ≥ 24◦ they appear in 5% of the 1024
realizations. These numbers accordingly increases with the value of GU .
3.4 Discussion
In this section, we have shown that the thawing string network with Nc = 2 genuinely
generates a large scale dipole modulation in the local variance maps. The string tension
required for matching the currently observed value is of the order GU = O(1)× 10−6, which
suggests that the temperature patterns generated by these very few strings may be detectable
with dedicated searches. Another parameter which affects the signature of a delayed string
network in the CMB is the correlation length ξ/η|lss. As discussed before, for the value
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Figure 9. Four realizations of the CMB sky temperature generated by delayed scaling strings in
the thawing regime and having an initial correlation length ξ = 16ηlss (Nc = 4). They exhibit one
thawing loop generating a cold spot.
ξ/ηlss ≃ 32 used here (Nc = 2), around a quarter of the realizations do not exhibit any
strings on our past light cone and one may wonder what would be the situation with smaller
initial correlation lengths. In the context of inflation, the strings would be formed later on.
4 Cold spots from thawing loops
Decreasing the correlation length of the string network at last scattering increases the number
of strings on our past light cone and render the network properties closer to the delayed
scaling scenario studied in Ref. [43]. As illustrated in figure 3, for Nc = 4, the angular power
spectrum is larger than for Nc = 2. At ℓ = 10, one has C
Nc=4
10 /C
Nc=2
10 ≃ 4.6 and at ℓ = 400,
CNc=4400 /C
Nc=2
400 ≃ 6.0. For values of ξ smaller than the Hubble radius at last scattering, one
would recover the configuration of a scaling network, having a large power spectrum and
strongly constrained values of GU . Moreover, by the central limit theorem, one expects the
properties of the dipole modulation to follow more closely a Gaussian statistics.
By decreasing ξ from large super-Hubble values to Hubble-like values, one expects more
thawing loops to be visible. Their typical behaviour is to shrink under their tension and their
dynamics becomes close to the Nambu-Goto evolution in Minkowski space. The GKS effect
on the CMB necessarily yields a cooler region inside the loop. Such a situation already occurs
for Nc = 2 as can be seen in the first panel of figure 2. If one increases Nc, the angular size
of the shrinking loops becomes smaller, their velocity higher and these events could provide
a natural explanation of the so-called “cold spot” [69–72].
We have generated 1024 CMB maps associated with a thawing string network with
Nc = 4 and thus having ξ/η|lss ≃ 16. A few maps have been represented in figure 9 and
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Figure 10. Modulation amplitude Aθ, monopole σ
2
mon and dipole σ
2
dip in the local variance maps of
thawing strings with Nc = 4 (to be compared with figure 7). The mean values are represented with
a bigger symbol and have been reported in table 3.
θ 1.7◦ 6◦ 12◦ 24◦ 36◦ 48◦ 64◦
〈Aθ〉thaw 0.42 0.34 0.31 0.31 0.30 0.28 0.25
〈σ2dip〉thaw/(TGU)2 0.18 0.68 1.44 2.84 3.89 4.49 4.62
〈σ2mon〉thaw/(TGU)2 0.18 0.93 2.19 4.51 6.37 7.75 8.99
Table 3. Mean values of Aθ, σ
2
mon and σ
2
dip obtained over 1024 realizations of the thawing string
networks with Nc = 4.
show the presence of one thawing loop, at most. From these maps, we have derived the
local variance maps averaged over various angles as in the previous section. The amplitude
of the dipole modulation is still very large compared to the Gaussian ΛCDM value. The
distribution and mean values of Aθ, σ
2
mon and σ
2
dip for Nc = 4 have been plotted in figure 10
and reported in table 3. From Eq. (3.5), the typical value of GU required to get Aobs ≃ 0.06
is GU ≃ 5 × 10−6 for θ = 64◦, GU ≃ 5 × 10−6 for θ = 48◦, GU ≃ 5.3 × 10−6 for θ = 36◦,
GU ≃ 6.5× 10−6 for θ = 24◦, GU ≃ 9.7× 10−7 for θ = 12◦, GU ≃ 1.4× 10−5 for θ = 6◦ and
GU ≃ 2.7 × 10−5 for θ = 1.7◦. These numbers are slightly less than the ones obtained with
Nc = 2 which may be attributed to the higher number of strings visible and the corresponding
larger value of the mean variance (see table 3).
In order to discuss the actual distribution of a mixture of Gaussian ΛCDM anisotropies
with delayed scaling strings with Nc = 4, we have chosen a fiducial value of GU = 3× 10−6
(half of the value taken for Nc = 2). Along the same lines as in section 3, the 1024 local
variance maps of the mixture have been fitted with a dipole modulation to extract the
amplitude Aθ. The obtained distributions of Aθ are represented in figure 11. As for Nc = 2,
the distributions remain very close to the ΛCDM ones for angles θ ≤ 2◦ whereas they deviate
significantly at larger opening angles. Comparing figures 8 and 11, one notices that, in spite
of the reduced value of GU used here, there are more outliers at large values of Aθ around
intermediate angles. This is particularly visible in the distribution of A6 (θ = 6
◦) and A12
(θ = 12◦). In fact, all of the eleven local variance maps of figure 11 exhibiting A6 > 0.02
contain a thawing loop producing one cold spot (four of them corresponds to the string
configurations represented in figure 9). On the contrary, for angles θ ≥ 24◦, the distributions
– 16 –
0 0.002 0.004 0.006 0.008 0.01 0.012 0.014 0.016 0.018
A1.7
1
10
100
O
cc
ur
en
ce
GU=3×10-6
Pure ΛCDM
Gaussian ΛCDM + thawing strings N
c
=4
0 0.01 0.02 0.03 0.04
A6
1
10
100
O
cc
ur
en
ce
GU=3×10-6
Pure ΛCDM
Gaussian ΛCDM + thawing strings N
c
=4
0 0.01 0.02 0.03 0.04 0.05 0.06
A12
1
10
100
O
cc
ur
en
ce
GU=3×10-6
Pure ΛCDM
Gaussian ΛCDM + thawing strings N
c
=4
0 0.01 0.02 0.03 0.04 0.05 0.06 0.07
A24
1
10
100
O
cc
ur
en
ce
GU=3×10-6
Pure ΛCDM
Gaussian ΛCDM + thawing strings N
c
=4
0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1
A36
1
10
100
O
cc
ur
en
ce
GU=3×10-6
Pure ΛCDM
Gaussian ΛCDM + thawing strings N
c
=4
0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1 0.11 0.12
A48
1
10
100
O
cc
ur
en
ce
GU=3×10-6
Pure ΛCDM
Gaussian ΛCDM + thawing strings N
c
=4
Figure 11. Distribution of the dipole modulation amplitude Aθ obtained for the opening angles
θ = 1.7◦, θ = 6◦, θ = 12◦, θ = 24◦, θ = 36◦ and θ = 48◦ from a mixture of Gaussian ΛCDM
fluctuations and thawing strings with Nc = 4 and GU = 3 × 10−6. The pure Gaussian ΛCDM
distributions have been reported for comparison.
of Aθ for Nc = 4 have a smaller tail towards large values than for Nc = 2. This is the expected
behaviour due to both the smaller value of GU and the larger number of strings on the past
light cone. The latter effect is indeed rendering less probable the generation of an anisotropy
looking like a pure dipole on the largest scales as the anisotropy patterns associated with
the higher number of strings start to interfere. The boosting of the dipole modulation when
a loop is present comes from the averaging effect associated with the local variance map
making procedure, as illustrated in figure 5. The thawing loop, and its associated cold spot,
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induces a maximal effect when the averaging angle captures the typical angular size of the
loop. For the situation discussed here, i.e., Nc = 4, this typically occurs for θ in the range
6◦-12◦. Increasing Nc would decrease the angles at which such an effect takes place.
5 Conclusion
In this paper we have discussed the observational consequences of the delayed scaling string
scenario in which cosmic strings, and possibly fundamental strings, are generated during
inflation. If these objects are not diluted too much, namely, if they are produced in the last
60 e-folds of inflation, they may re-enter the Hubble radius in a recent past. Using Nambu-
Goto numerical simulations in FLRW spacetime, we have studied the “thawing regime” in
which strings crossing our past light cone decouple from the Hubble flow after recombination.
Because visible strings are yet quasi-static and very rare, they can only distort the CMB in
one or two directions in the sky while the generated patterns may be significantly different
than line discontinuities. Constraints from the angular power spectrum and direct searches
of temperature discontinuities typically allows values of the thawing string tension to be as
large as a few times 10−6.
By running a thousand of Nambu-Goto cosmic string simulations, we have generated as
many realizations of the CMB sky. We have shown that the thawing string induced signal
mixed with pure Gaussian ΛCDM anisotropies can mimic a large scale dipole modulation in
the local variance maps. Both the string configurations having ξ/η|lss = 32 and ξ/η|lss = 16
can produce a dipole modulation of amplitude compatible with the observed value Aobs ≃ 0.06
provided their tension GU = O(1) × 10−6. In addition, from the network configurations
having ξ/η|lss = 16, various realizations exhibit a shrinking loop on our past light cone whose
generic property is to induce a cold spot in the CMB sky. In the local variance maps, this loop
boosts the dipole modulation amplitude around angular scales close to the actual angular
size of the loop. We have not discussed much smaller correlation length as we expect these
situations to more closely follow the delayed scaling discussed in Ref. [43]. Indeed, reducing
significantly more the correlation length ξ at last scattering is expected to produce more loops
of smaller angular sizes while increasing the overall number of visible strings thereby pushing
the statistics closer to the Gaussian situation. At the same time, the amplitude of the angular
power spectrum increases and the corresponding constraints on GU would certainly prevent
these strings to be visible at large angles. We have also not discussed the opposite situation
in which ξ/η|lss ≫ 32 because, already for ξ/η|lss ≃ 32, around a quarter of all realizations
contain no string intercepting our past light cone. Therefore, larger correlation lengths at
last scattering would correspond to a situation in which strings remain essentially invisible
today. Finally, we left for a future work any attempt to extract the Bayesian evidence for a
mixture of strings and ΛCDM fluctuations to explain both the large scale dipole modulation
and the cold spot. It is indeed a non-trivial problem as determining any prior distribution,
as for instance on the angular size and number of thawing loops, should rely on a significant
larger number of Nambu-Goto string simulations.
Other discrimination tests could however be envisaged to examine further if thawing
strings are the actual source of the observed large scale anomalies and the cold spot. For
instance, because strings induce a genuinely non-Gaussian signal, local variance maps should
correlate in a particular way with local skewness or local kurtosis maps and this could be used
to disambiguate thawing strings from other sources. Moreover, the hypothesis that the cold
spot is a shrinking loop may be tested by examining the lensing patterns of the CMB on its
– 18 –
edge [73]. This could already be done by using for instance small scales CMB telescopes [74,
75]. Depending on its shape and velocity, a shrinking cosmic string loop is expected to
induce a warmer CMB temperature in the adjacent regions located just outside the loop.
Another possible direct detection could be achieved via gravitational lensing observations by
measuring the spatial pattern on the deformation of photon path, which provides an evidence
for the intervening matter distribution along the line of sight. All photons intercepting the
loop should in addition be redshifted inside and in the same manner as the CMB. Finally,
if the loop possesses kinks, or have enough dynamics to develop cusps, powerful bursts of
gravitational waves could also be used as tracers [76, 77].
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